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List of lectures

Lecture 1 and 2: Overview and Filtering

Lecture 2 and 3: RBC calibration

Lecture 3 and 4: Toward the standard DSGE model
Lecture 4 and 5 : VAR estimation

Lecture 5 : VAR identification

Lecture 6 : Maximum likelihood estimation of a DSGE

1 Estimation and identification of VAR models
Outline

1. Introduction
2. Estimation of VAR models
3. The MA representation of a VAR

4. Identification

Reading list

Hamilton chapter 9, 10 and 12 (ask Aurélien Poissonier where available on
the net)

Leeper, Sims and Zha (Brookings-1996)

Gali (AER-1999)

Exercise for December 14

Compare the IRFs of a monetary policy shock in a VAR of the US with
various identification schemes:

Choleski, CEE recursive identification

Sims information based identification

Blanchard and Quah Long term restrictions



1.1 Introduction
1.1.1 Shortcomings of structural models
e What if the theory is wrong?

e Difficulty of estimation

1.1.2 Alternative: reduced form models (including VARs)

Remember the general form of time series models
Y;f = f(Y;fa 1/tfla ceey Xt7 thla ceey ("'), Et)
VARs can be described as

Y, = c+ ®(L)Y; + &

Y= @Y+ PoYio+ o + DY, + e
with

gt~ N(O, Q)
Ei(etyr) = 0,k>0

Main advantages of VARs

1. simplicity

2. consistency with rational expectations!

3. they have a probabilistic structure

4. they are widely used to forecast, simulate the impact of shocks
Main drawbacks of VARs

1. black box

2. idendification "as" problematic as standard models

3. degrees of freedom

Examples:

e CEE (JPE-2005): description of "conditional forecast/moments". What
are the "objective/true" effects of monetary policy according to a "reduced
form theory free" dynamic model?

Y; = (GDP;, Consy, Invy, Hours, Moneyy, Ry, ...)



However, in CEE, the identification restrictions require sticky prices; Uhlig
(and others) show that prices may very well adjust rapidly to monetary
policy shocks

e Blanchard-Quah (AER-1989) : describe the effects of demand and supply
shocks, using "long-term" identification restrictions

Y; = (GDP;, Unemployment;)

e Gali (AER-1999): show that hours do not increase following a productivity
shock: this turns RBC theory on its head

1.1.3 Estimation of VARs

Hamilton chapter 11, section 1
Assume the vector of variables

Yi=®1Y 1+ DY o+ .. + DY, + &y
with

Et JV(O7 Q)
Et(€t+k) = Oa k>0
How can we define the likelihood of this process for a sample of T observa-
tions?
Let’s take the first observation of Y3, i.e. Y_,, Y_,11,....,Yp as given and
define the joint density of the sample of observations Y7 to Y.

fYT,...,Yl|Y,p,Y,p+1,....,YO (YT7 ey Y1 | Y—pa Y—p+17 ceeny Y—p+p—17 Yo; @) (1)

what are the value of the models parameters © = ®;, ®,, ..., ®,, that max-
imise this likelhood function?

gr ~ N(0,9Q) hence (2)
Vi | YipYiprr, Vi1~ N+ @Y1 + oYy o+ + 0, Q)

Let’s use the following notation:

X isa (np+ 1) x 1 matrix



H/ = [ & q)l (I)Q (pp ]

IT'is a nx(np 4+ 1) matrix
we can rewrite (2) as

Y;ﬁ | m—paY%—p-‘rl, ""7}/%—1 ~ N(H/Xtaﬂ)

the conditional density of observation Y; can be written as
v Yooy, Y | Yi1, Y0, Y0) =
1
(2m)~/? ‘9_1’1/2 exp —§(Yt —I'X,)'Q7H(Y, — I'X,)

considering now the likelihood of the full sample:
(1) can be written as

fYT,H.,Yl\Yt,p,Yt,p+1 ..... ,YO(YTM'%YVl | Y7p7Y7p+l7""aYb;®) =
Yoo ViV p Yeopirsn Yo (Y7150 Y1 | Yo Yo, Y;0) X
Yoo Yeeo v, (Yo | Y1, Yo, Y5 0O)

Applying this decomposition of the likelihood recursively, we get

fYT,...,Y1|Yt, R +1,H..,Y0(YT7 "'7Y1 | Y—p7Y—p+17 7Y01 @) =
13 13

T
Hf}q|)q_1,1q_2,....,m_p(3ﬁ | Yi1,Yi9,....,Y:,;0)
t=1

in logs (because sums are much easier to handle than products)

T
L©) = Y 108(fyvi1vis Yioarvio, (Ve | Yic1, Yicg, o Vi pi ©)) =
t=1
T 1 &
~Tn/2log(27) + 3 log |71 — 3 Z (Y, —I'X,) QN (Y, —TI'Xy)]
t=1

We can now maximise this (log) likelihood with respect to the parameter
vector O (that are all contained in IT') in the above expression.

One result that makes VAR so attractive (and so much used) is that the MLE
(max likelihood estimator of II" is the OLS estimator of individual equations of
the model!

=

T -1
t=1

T
PR
t=1




T T -1
= [Z yxl [Z XtXé]
t=1 t=1

that is the coefficients of equation j are given by the OLS regression of
variable y; on X.
Proof. rewrite the last term of the log likelihood as

(Vi —T'X,)'Q (Y, - TT'X,)]

[M]=

~
Il

1

Il
[M]=

{(Y; CIUX, +TUX, — TUX) Q7YY — VX, + 1T X, — H’Xt)}

\*
Il
—

Il
N

[(ét (- DX, QY (& + (T — H)’Xt)}

o~
Il
o

T T
[g07e] +2) g0t I - X, + > X/(IT -~ (I - 1)'X,
t=1

t=1

Il
M=

o~
Il

1
where &; are the sample residuals of the OLS regressions.

T
O NI — 1) X, = trace

t=1

T
Q=111 —11) thégl =0
t=1

because OLS residuals are, by construction, orthogonal to regressors X;.
We are now aiming at minimising the following quadratic form

T T
o leata] + ) X[(II-m (11— 1) X,
t=1 t=1
which, beause (2 (and hence Q1) are positive semi-definite matrices, admits
a minimum when II = II.
CQFD =m

Also note that the MLE of Q is Q = 1/T 23:1 [¢,2;] . See Hamilton page
295 and 296.

1.1.4 The MA representation of a VARs

Let’s consider a simple NK inspired 3 variable economy VAR of order 2

dyt a b c dys—1 k1 m dy—2 €1,
dp; =|d f g dpi—1 +| n o p dp;_o + | €2t
Tt h i 3 Tt—1 q s w Tt—2 €3t

in matrix form we have



Yi = A1V + AY; + &

we can actually rewrite this VAR of order 2 as a VAR of order one as follows:

dy; €1t

dpy €2t

- Y; . T4 e | €3,t
Zt|:}/t1] dys—1 and{t[o} 0
dpi—1 0

T+—1 O

Zy =BZ;_ 1+ ¢,

with
a b c kIl m
d f g n o p
h i j q s w
B= 1 0 0 0 0 O
0 1 0 0 0 0
0 0 1 0 0 0

We can now more easily invert the "AR" form of the cannonic form of the
VAR:

Zy = BZi 1+
Zy = (I-B(L) "¢

Zy = chgt—j
7=0

Hence, the realisations of the variables can be represented as the dynamic
effects of past realisation of the innovations ;. This will be directly used to
represent estimates of the impulse response functions of a given variable (say
inflation or the interest rate) to an identified shock, such as a monetary policy
shock, a "demand" or a "supply" shock.

The IRFs of variable m to shock k£ be given by the sequences of a element
m,k of the C; matrices:

Cm,k,j for j=0,..,h

Likewise, provided that we can transform the innovations e; into economi-
cally meaningfull "shocks" u; that we construct as orthogonal to one another, we
can use the MA representation to decompose the variance of economic variables
the various economic shocks that we have included in the model.



Zy = Y CP(
j=0

P¢,_; ~ N(0,D), with D a diagonal matrix



